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ABSTRACT: A semiquantitative mean-field model for the thermally induced (heating-induced) polymer coil-
to-globule transition (HCGT) is developed with no adjustable parameters. The transition temperature © is given
for a long chain by the equation ® = 2T;[1 — pB(®)], where Tj, is the characteristic temperature of the polymer
and pB(@) is the bulk solvent density at the transition temperature. The variables p® and 7} are obtained by
invoking the Sanchez—Lacombe (S—L) equation of state. Calculated HCGT temperatures show good agreement
with experimental lower critical solution temperatures (LCSTs). The predicted globular state is characterized by
the dominance of attractive polymer self-interactions over excluded volume interactions. There is a critical value
of the ratio of polymer to solvent S—L characteristic temperature below which no HCGT transition is predicted
for an infinite chain. This model can be easily generalized to treat cross-linked gels and their contraction—expansion

characteristics.

Introduction

Coil—globule transitions have long been considered relevant
in diverse settings ranging from synthetic polymer applications
to the functionality of biopolymers such as DNA and proteins.
Possibly as a result of its relative tractability, the focus of
theory,'™ experiment,®'* and simulation'*>'® has been a revers-
ible cooling-induced coil-to-globule transition (CCGT) that is
well-known to be associated with the system upper critical
solution temperature (UCST). In 1979, Sanchez proposed that
a reversible thermally induced (heating induced) coil-to-globule
transition (HCGT) should be associated with the lower critical
solution temperature (LCST) transition." Computer simulation
has supported the existence of this “inverse” transition,'”>* and
further studies have suggested that it may be the dominant
mechanism in many applications. In order to facilitate under-
standing and application of this mechanism, this paper outlines
a theoretical model for the HCGT transition.

The HCGT is of particular interest due to its connection with
the functionality of biological macromolecules. Early studies
indicated that coil—globule transitions are of relevance in the
functionality of DNA.>*** More recent studies have confirmed
the presence of a coil—globule transition in DNA*>’ and have
shown a relationship between protein coil—globule transitions
and folding.?®" Urry reports that the LCST “transition provides
a fundamental mechanism whereby proteins fold and function
and whereby the energy conversions that sustain living organ-
isms can occur at constant temperature.”>* Since biomolecules
often function at low concentrations, it is likely that this
transition is better described as a HCGT than an LCST.

The HCGT has also become a subject of interest due to its
role in the behavior of so-called “stimuli responsive” or “smart”
polymers. These materials typically exhibit a reversible swelling
transition with changes in environmental conditions such as
temperature, pH, or salinity. At low concentrations, this transi-
tion may take the form of a CGT. For example, poly(N-
isopropylacrylamide) (PNIPA) has been heavily studied for use
in biological systems due to the fact that it exhibits an LCST/
HCGT near physiological conditions.**™’ These systems are
of particular interest for use in controlled drug delivery due to
their ability to release an absorbed drug in response to
physiological triggers.
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Recently, a limited model for an HCGT has been developed
for the case of a symmetric solvent—one in which the
solvent—polymer interaction, the polymer self-interaction, and
the solvent self-interaction are all equal.38 However, to our
knowledge, no general model exists that predicts HCGT
temperature and behavior for arbitrary combinations of polymer
and solvent. The semiquantitative model for the HCGT pre-
sented here is based upon Sanchez’ 1979 model' for the CCGT
of a polymer in vacuum. It extends the former approach by
considering the insertion of a polymer chain into a solvent of
finite density. This leads to calculations of the CGT temperature
and of the equilibrium gyration radius as a function of
temperature. For the purpose of numerical results, bulk solvent
density is obtained via the Sanchez—Lacombe (S—L) model,*
but in principle any equation of state or empirical correlation
could be used.

Theory

A. Model Description. Consider a single polymer chain in
an infinite solvent on a lattice of coordination number z. The
chain consists of a random walk of r units, proportional to
molecular weight, connected by r — 1 steps with z possible
directions to be taken at each step. Such a polymer will pervade
a volume V that will scale as the cube of the chain radius of
gyration S. The bulk solvent far from the chain will be
unaffected by the presence of the chain and will exhibit a
constant chemical potential with respect to any property of the
chain. The solvent within the chain pervaded volume will be in
equilibrium with the bulk solvent and will satisfy equality of
chemical potential with the bulk solvent. The chain itself will
occupy an average volume fraction ¢ within its pervaded
volume, given by

3
ro
¢ (1)
§
where ¢ is the volume of one monomer unit.
The gyration radius of the chain may be related to that of an
ideal chain via the expansion factor o2, defined as

o’ = 5%/3% )

where [324 is the unperturbed average value of S?. For an ideal
random walk, [$2[J ~ ro?. Substitution of eq 2 into eq 1 yields
a relationship between the expansion factor and mer density:
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2 a
o= (3)
P
where a is some dimensionless constant.
At any given temperature and pressure the chain will exhibit
a mean-square gyration radius [$?(Jcorresponding to a mean
expansion factor [d°[] defined as

[0 C= [$° (3% 4)

For values of the mean expansion factor significantly less than
unity, the chain is much more collapsed than the ideal state
and is expected to behave as a globule with gyration radius
scaling (320~ r?3. For values significantly greater than unity,
the chain is much more expanded than the ideal state and is
expected to behave as an expanded coil with scaling [$?00~
95 Tt is therefore appropriate to define the coil globule transition
by the criterion

0C =1 ®)

at which point the chain is in its ideal state such that [$2C~ r.
Furthermore, the type of CGT may be established by noting
that 8l0T > 0 at a CCGT and 9l&[20T < O at an HCGT.

B. Calculation of the CGT. The partition function for the
chain as a function of S may be written in terms of the chain
insertion parameter B as

Q(S) OPy(S)B (6)

where Py(S) is the distribution of radii of gyration for an ideal
chain. Because the chemical potential of the solvent is a constant
with respect to all chain properties, only the partition function
of the chain need be considered in determining the equilibrium
radius of gyration. Given B and Py(S), the mean-square radius
of gyration as a function of temperature and pressure may be
rigorously determined by an average:

f $2Q d¢
3’ 0="—o @)
f Q dg
Since SPy(S) has a maximum at S2 = [32[] an excellent
approximation for the mean-square radius of gyration is'
9 In(5Q) -
39S 0 ®)
S2=r3200

which provides a simpler calculation than eq 7. The chain radius
of gyration must satisfy eq 8 at all temperatures. As noted by
eq 5, a chain at the CGT must additionally correspond to the
ideal gyration radius. Thus, for the CGT

0 113(59) _9 lar:ngB —0 )
2= cu=1 2= =1
where use has been made of
0 In[SP,(S)]
e =0 (10)
EN =92 Cu=1

This demonstrates that the CGT is completely determined by
thermodynamics and is independent of the ideal gyration radius
distribution, Py(S).

Within a mean-field approximation the insertion factor is
given by

B =P exp[—pp0 (a1
where [ [ls the average interaction of the chain with itself and
with the solvent, 5 = 1/kT, and P is the mean-field hard-core
probability of successfully inserting the chain into a solvent of
reduced density p® in the bulk.
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The reduced solvent density p within the pervaded volume
may differ from p®, yielding an insertion probability of

r—1 .

J
P=[]|1—-p5—-" 12
!:J( p r¢) (12)

where p is the occupied volume fraction of the solvent within
the pervaded volume of the chain. The factor 1 — p — jd/r
equals the fraction of unoccupied sites when the jth-mer is
introduced into the solvent. With Sterling’s approximation eq
12 becomes

=
(1=pP"
1—p—¢
(I=p=®)"% '
Although the same result may be arrived at via a lattice-free
approach, the mean-field interaction energy is calculated as if
the chain was on a lattice of coordination number z:

P=c’ (13)

W O0=—z

r—1
regp+ Z J;qsspp] (14)
J=

Here ¢, and &, are the polymer self-interaction energy and
polymer—solvent interaction energies, respectively. For large r
eq 14 becomes

[ 0= —r(e:pqﬁ + 28:'),5) (15)
where
«_ %8
&= 7 (16)

Equation 11 now becomes

(- ﬁ)[(l—ﬁ)/qﬂr
(1— 5— ¢)[(17ﬁ*¢)/¢J
Substituting eq 17 into eq 9 for the CGT yields

B=e¢"

- explBr(e, ¢ + 265,01 (17)

k—g@s@ﬂln(l — @)+ @ollp,=0 (18)

where [¢[is the mean occupied volume fraction of the chain in
the pervaded volume, © is the CGT temperature, “0” subscripts
denote values at the transition (where [&20= 1), and

- 0
= <
-5 1 (19)
Expanding the logarithmic term in eq 18 gives

T3 1
ﬂf...]:wo)
31 -p)

where Tj, = epp/k is a characteristic temperature of the polymer.
In the limit of infinite molecular weight, r — oo, [p[ — 0, p —
PP, and from eq 20, the coil—globule transition temperature is
given by the simple equation:

©=27;[1-"(©)] e2))

Furthermore, the first order correction 0® to this transition
temperature for a chain of finite length is obtained from eq 20
and yields

1001 _
T

p
where 00 = O(r) — O().

¢OD 1”2 (22)
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C. Solvent Density in the Chain Pervaded Volume. For
the case of finite chain length p # pB, and evaluation of eq 18
requires an expression relating these two variables. Invoking
equality of chemical potentials near and far from the chain yields
such a relation. Chemical potential is calculated via the insertion
parameter

3
u,=kT ln(%) (23)

S

where B; is the insertion parameter of a solvent molecule, p is
the solvent number density, and A is the familiar thermal
wavelength, h/(2amkT)"?. Equating eq 23 in the pervaded
volume and in the bulk gives

p=p"— (24)

where variables without superscripts denote values within the
chain pervaded volume and values with superscript B denote
values in the bulk. The insertion factor is given by eq 11 as
before. For the solvent in the pervaded volume this yields

B,=(1— [p0-p)" explBryelp+2e5B0] (25

where &5 is as shown in eq 16 for the solvent—solvent
interaction energy and r is the number of lattice sites occupied
by the solvent molecule. The insertion factor for the bulk solvent
is

BY = (1—")" explBrelp”] (26)
Combining eq 26 and eq 25 with eq 24 yields
~_ sl —[p0— p)» x
= pB(]—J) explBry(el(p— 5") +2¢, 1601 (27)
- p

D. Gyration Radius of the Chain. Calculating the radius of
gyration via eq 8 at an arbitrary temperature other than the CGT
requires an explicit expression for the ideal gyration radius
distribution Py(S). This may be well approximated through the
first four even moments by*°

a

6 7 8 ) 7
PO(S) dsas exp(—z 5‘_2@) =S exp(—z r1/3—¢2n) (28)

Applying eq 28 with eq 8 and eq 6 yields the following equation
for the chain occupied volume fraction:

(a) *
3.5
3 Supercritical
CCGT Transition
2.5
»n
5 2 Liquid Phase
15 - HCGT transition
1 /< =
0.5 - Gas Phase 00000000000000000n e
0 CCGT Transition
0 1 2 3
Tp*/Ts*
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g(mﬁ& 1)=—r{ e}, b0 lIn(l — )+ @lig} (29

In the limit of long chain length, the CGT will be given to a
good approximation by eq 21, allowing eq 29 to be rewritten
as

%(mzzk )= —r{ %o +indd — )+ (p]/go} (30)

Equation 30 is identical in functional form to what was obtained
for a chain in a vacuum (p = 0).!

Results and Discussion

Relating these equations to experiment is greatly aided by
making the identification that T, in eq 21 is equivalent to the
S—L temperature parameter for the polymer. Likewise, all ;"
may be obtained by noting that within the S—L theory T; =
&;i'Ik. The cross-interaction term may be approximated by a
geometric average. The bulk solvent density p® as a function
of temperature required by eqs 21 and 27 may be obtained by
any number of experimental or theoretical approaches. In the
present study it is determined via the S—L equation of state for
the bulk solvent:

(P° + P+ Tln(1 — g% + (1 — 1/r)p%1=0 (31)

where T and P are the reduced temperature and pressure and 7
is the S—L length parameter of the solvent. The appropriate
equation of state parameters (T, P;, rs) for many solvents have
been tabulated.*' The reduced solvent density B is also related
to equation of state parameters by

pi=plp"  with p"=(MIr)PIKT} (32)

where M is the solvent molecular weight and p is the
experimental bulk solvent density. The pressure may be taken
as the solvent saturated vapor pressure (when below the critical
point) calculated by equating the S—L chemical potential of
the solvent in the bulk liquid and in the vapor. The vapor
pressure may also be obtained experimentally.

Combination of eq 21 with the S—L equation of state reveals
that the dimensionless CGT temperature ©/T; for an infinite
chain is dependent only upon r and the ratio of the polymer
and solvent characteristic temperatures defined as { = T,/T5.
The behavior of the transition temperature as a function of these
parameters is shown in Figure 1. For any given r, there will be
a critical value . at which the transition will occur at the
liquid—vapor critical point of the solvent. On the basis of
the S—L equations for critical temperature and density of the
solvent, this value can be shown to be {. = V4 rd/(1 + WV 7s), SO

(b) *
3.5
3 \ Supercritical
CCGT Transition
2.5 -
)
g 2 1 Liquid Phase
15 1 HCGT transition
LN ~
0.5 4 Gas Phase o essscecsssesened
CCGT Transition
0 T T T
0 1 2 3 4

Figure 1. Quantitative plot of dimensionless transition temperature vs the ratio of the S—L characteristic temperatures of the polymer and solvent
for infinite chain length. (b) is for infinite r; while (a) is for r; equal to 10. The point marked in red on each plot is the liquid—vapor critical point
of the solvent. Each branch from the critical point corresponds to a coil—globule transition for a chain in a different solvent phase, as labeled on
the plots. Note that in the limit of infinite r; (b) both the gas and supercritical phases are at zero solvent density. Subcritical data are at the solvent
saturated vapor pressure while supercritical data are at the solvent critical pressure.
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Figure 2. Qualitative contributions by excluded volume and polymer
self-interaction energy to the rhs of eq 29 as a function of temperature
for a system in which the ratio of polymer to solvent S—L characteristic
temperature C is greater than its critical value .. Coil—globule
transitions occur when the sum of these contributions is zero.
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300 320 340 360 380 400
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Figure 3. Expansion factor as a function of temperature for various
molecular weights of polyisobutylene in n-pentane near the HCGT.
The red line corresponds to a molecular weight of 10°, the blue to a
molecular weight of 107, and the black to a molecular weight of 108.

that it goes to one as ry goes to infinity and one-half as r
approaches unity. For { < , the only transition predicted is a
CCGT at Oy for chains dispersed in the solvent gas phase. For
¢ > &, there will be two physical solutions: an HCGT at O,
for a chain in the liquid phase solvent and a CCGT at ©, for
a chain at higher temperature in a supercritical solvent.

The predicted transitions can best be understood physically
by examining eq 29, which has a straightforward interpretation.
The lhs is the chain elastic force that is balanced at equilibrium
by the thermodynamic driving forces on the rhs. The rhs is the
sum of two terms: a negative term corresponding to the attractive
energy of the chain with itself and a positive term corresponding
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Figure 4. Mer density as a function of temperature for various molecular
weights of polyisobutylene in n-pentane near the HCGT. The red line
corresponds to a molecular weight of 109, the blue to a molecular weight
of 107, and the black to a molecular weight of 10%.

to the excluded volume interaction of the chain with itself and
with solvent. The self-interaction energy term always favors
chain collapse, while the excluded volume term always favors
chain expansion. Equivalently, a positive net driving force
corresponds to an expanded coil, a negative net driving force
to a collapsed globule, and a zero net driving force to a
coil—globule transition. The qualitative contributions of these
two thermodynamic forces are shown in Figure 2 for a system
with § > (.. Furthermore, the derivative of the net driving force
with temperature will be positive at a CCGT and negative at a
HCGT. The collapsed states associated with both transitions
are characterized by dominance of self-interaction energy over
excluded volume. Since the polymer self-interaction effect is
the only thermodynamic driving force that favors the globule
state, this model predicts that a chain with no attractive self-
interactions will have no equilibrium globule state. This
represents a limitation of this model that is also characteristic
of the S—L model, which does not predict an LCST in the
absence of attractive interactions. In contrast, simulation studies
have predicted a CGT in the absence of attractive interac-
tions.'”"?

Equation 29 can be used to solve for the gyration radius and
chain mer density around the HCGT, yielding results such as
those shown in Figure 3 and Figure 4 for a polyisobutylene/n-
pentane system. For this purpose, a = (19/27)! is consistent
with ref 1; however, its precise numerical value is not important,
and it could be set equal to unity. As expected, the coil state is
predicted at temperatures below the transition while the globular
state is predicted at temperatures above the transition. Numerical
fitting of results shows that S ~ 7! in the globule state and S
~ 135 in the coil state, as expected. In addition, the chain mer

Table 1. Comparison of Solution of Eq 21 with an S—L Solvent at Saturated Vapor Pressure to LCST Data for a Variety of Systems”

LCST, °C HCGT, °C

polyisobutylene/ density p, 25 °C (kg/m?) reduced density p/p*, 25 °C expt theor theor
pentanes

neopentane 585 0.786 b —40 42

isopentane 614 0.802 54 53 60

n-pentane 619 0.82 75 72 82

cyclopentane 746 0.86 188 157 147
hexanes

2,2-dimethylbutane 644 0.833 103 7 101

2,3-dimethylbutane 657 0.841 131 64 114

n-hexane 660 0.852 128 99 134

cyclohexane 783 0.868 243 189 168
other

n-heptane 691 0.864 168 136 163

n-octane 713 0.875 180 162 194

benzene 877 0.882 260 224 198

@ Chemically similar solvents are ranked by density. Theoretical LCST’s are taken from ref 35.  Immiscible at 25 °C.
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density ¢ is an appropriate order parameter that is bounded
between zero and unity. As shown in Figure 4, it would appear
that as the chain approaches infinite density there is a discon-
tinuity at the transition in the slope of ¢ but not in ¢ itself.
This is consistent with a second-order thermodynamic transition.

Numerical solution of eq 21 yields good correspondence
between predicted HCGT temperatures and experimental and
S-L LCST temperatures, as shown in Table 1. The transition
temperature was also calculated for most systems using eq 7
rather than eq 8 in order to validate the approximation of eq 8.
These calculations yielded results quantitatively consistent with
those in Table 1. Because the excluded volume contribution
1/(1 - p) always increases with increased solvent density, this
model predicts that higher reduced density solvents will tend
to yield cooler CCGTs and warmer HCGTs. As shown in Table
1, for a fixed polymer and like solvent character (i.e., pentanes,
hexanes) the ordering of HCGT temperatures ©; corresponds
exactly to the ordering of systems by solvent density.

To the authors’ knowledge, HCGT data are available for only
one organic system at this time, polystyrene/methyl acetate. For
a polystyrene molecular weight of about 2 x 10° the LCST is
reported to be 116 °C,** while light scattering measurements**
indicate an HCGT temperature in the approximate range of
114—124 °C. Results of eq 18 for this system are in reasonable
agreement with these experimental values, with a calculated
HCGT temperature of 129 °C.

Longer chain length correlates with warmer CCGTs and
cooler HCGTs. This can be determined by a simple examination
of the leading order correction to the transition temperature for
a finite chain. This correction, calculated in eq 22, corresponds
to the second-order term in mer density in eq 20. This correction
will always increase the excluded volume effect as chain length
decreases, pushing the system toward the coil state. Furthermore,
the r~ 12 scaling of the correction is consistent with the chain
length scaling of the LCST temperature, which to the leading
order also scales as r~172,

Conclusions

This theory semiquantitatively predicts thermally induced
(upon heating) polymer coil-to-globule (HCGT) behavior and
temperatures without any adjustable parameters. Equation 21
can be used to calculate the HCGT temperature of a long chain
polymer in solvent given only pure component data for the
polymer and any empirical or theoretical equation relating
density to temperature for the solvent. In most cases these
equations provide a good match with experimental lower critical
solution transition (LCST) temperatures and with experimental
HCGT temperatures, where available. For a solvent density
given by the S—L equation of state, systems with an interaction
energy ratio & < &. = /r/(1 + /ry), this theory predicts a
single CGT which will be a CCGT in the solvent gas phase.
For systems with & > ¢, it predicts two CGTs: an HCGT in the
solvent liquid phase and a CCGT in the solvent supercritical
phase.

The collapsed states associated with both transitions are
characterized by dominance of polymer self-interaction energy
over excluded volume effects. Furthermore, higher reduced
solvent density correlates with warmer HCGTs and cooler
CCGTs due to an increased excluded volume effect. Conversely,
longer chain length correlates with cooler HCGTs and warmer
CCGTs due to a reduced excluded volume effect.

This model can be easily generalized to treat cross-linked
gels and their contraction—expansion characteristics. A coming
extension of this model to include electrostatic interactions will
address the behavior of polyelectrolytes such as smart synthetic

Polymer Coil-to-Globule Transition 5889

polymers as well as aspects of DNA and protein behavior such
as cold denaturation of proteins.
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